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Abstract. The Cold Spot could be an adiabatic perturbation on the surface of last scattering,
in which case it is an over-density with comoving radius of the order of 1 Gpc. We assess
the effect that living in a similar structure, without knowing it, has on our perception of
the equation of state of Dark Energy. We find that structures of dimensions such that they
could cause the Cold Spot on the CMB, affect the perceived equation of state of Dark Energy
possibly up to ten percent.
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1 Introduction
Since the observation that distant supernovae of type Ia appear dimmer than expected in an
Einstein-de Sitter universe, the cosmological constant has established its return in cosmol-
ogy [1, 2]. Attempting to dynamically explain the smallness of the cosmological constant,
Dark Energy replaces the cosmological constant with a dynamical theory that drives acceler-
ation of the expansion rate [3, 4]. Where the cosmological constant has a constant equation
of state, w = −1, Dark Energy has an equation of state w 6= −1.
Because all our observations of distance measures are necessarily on our past light cone,
the accelerated expansion in time is fully degenerate with an accelerated expansion in space:
an increasing expansion rate as a function of distance. This is explicated by studies of the
large local void scenario (see Refs. [5–21] for an incomplete list). In that scenario, Dark
Energy is entirely replaced with a large local under-density embedded in a universe that only
contains dust and curvature. The price is that the universe is no longer homogeneous, and
that we do in fact live in a very special place: the center of a spherically symmetric void that
mimics exactly the accelerated expansion caused by a cosmological constant, while locally
everywhere the expansion decelerates in time. The size of such a void varies from one to
several Gpc, and its center is under-dense with typically ρcenter/ρoutside ∼ 0.1− 0.3.
One shortcoming of the void models is that there is as yet no understanding of an
origin of such a structure in fundamental physics. If the void is a typical structure in the
universe, we would observe many voids outside our own void, notably leaving a strong imprint
on the Cosmic Microwave Background (CMB) [22]. Nevertheless, these studies prove that
inhomogeneities in the matter distribution in the universe can cause the observed distance
measures to deviate from the ones in a homogeneous universe.
We do not see the kind of spots on the CMB that would indicate the presence of many
large voids. What we do see, however, are one or more large Cold Spots in the CMB.
One might hence wonder what the physical dimensions of such a perturbation today are,
and what influence living inside of such a perturbation could have on our perception of
the universe, bearing in mind the degeneracy between accelerated expansion in time and
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accelerated expansion in distance. The one Spot we have in mind here, has a diameter of
roughly 8 degrees and a temperature deviation of rougly O(50 ∼ 200) µK [23–25]. It has
been considered that the Cold Spot could be caused by an object along the line of sight [26–
29], which we do not address here; we only consider the case of a perturbation on the last
scattering surface.
In Ref. [30], Spots with a diameter of 6 degrees and various temperatures are shown to
be quite abundant in the CMB, while ΛCDM predicts an even higher abundance. If there
are 100 such Spots on the CMB (which is the case in a ΛCDM universe if the temperature
of the Spots is ∼ 60µK), then they cover of the order of 8% of the whole sky. It is hence
not unlikely to live in a Spot of this size, with a 6 degrees diameter being slightly smaller
than the Cold Spot with an 8 degrees diameter. Here we will consider Spots of a comparably
small size, a diameter of 5 degrees, although this choice is arbitrary, and a future work could
be dedicated to assessing different diameters.
A circle with diameter of 5 degrees on the surface of last scattering, which lies at a
comoving angular diameter distance of roughly dcA = 14 Gpc [31], has a comoving radius
of roughly 600 Mpc (a diameter of 1.2 Gpc). With that radius, and causing a temperature
fluctuation of 50 µK, the perturbation that is the Cold Spot is today over-dense at the center
with roughly ρcenter ≃ 1.1ρoutside, as we will show later in this work.
Contrary to the large local void of which the origin is not understood, with a density of
ρcenter ≃ 10−1ρoutside and a radius of r ≃ 2 Gpc embedded in a universe with only dust and
curvature, here we consider an existing density perturbation on the surface of last scattering
with ρcenter ≃ (1 ± 0.1)ρoutside and r ≃ 600 Mpc embedded in a ΛCDM universe. I.e., we
consider a mixture of accelerating expansion in time and distance. This perturbation in real
space may very well be a superposition of gaussian Fourier modes produced during inflation,
completely in agreement with the inflationary paradigm [30]. However, we do not intend to
go into that discussion and we refer the reader to for example Refs. [25, 30]. All that matters
is that the observation of the Spot proves that there is a non-zero probability of living in such
spots, of the order of a few percent as mentioned above. We only wish to argue that studies
of the large local void scenario explicate the potential importance of density fluctuations
on distance measures, and hence that an undisputably realistic perturbation with the same
dimensions as the Cold Spot can be expected to have an effect on distance measures in a
true ΛCDM universe. As a simplest approximation, we can model such a rare over-density
as a compensated spherical over-density, utilising the LTB metric with a matter distribution
such that it matches exactly to the FLRW metric.
Smaller voids with sizes of the order of a few hundred Mpc are observed in N-body
simulations. Such voids in the presence of a cosmological constant have been considered,
assessing the degeneracy between a small local under-density and the value of the cosmological
constant [15, 32, 33] and the equation of state of Dark Energy [34–36]. In stead, this work
focusses on large Cold Spots, which are actually observed in the CMB and which have a
much larger physical size but much milder over-density, and which possibly are in agreement
with the inflationary paradigm [30], as are the aforementioned smaller voids.
We model the Cold Spot using the Lemaˆıtre-Tolman-Bondi (LTB) metric, assuming
that we live in a copy of the object we observe on the surface of last scattering, embedded
in a ΛCDM universe. We then construct mock Supernova-data using a numerical module
to calculate distance measures in the LTB metric, combining the VoidDistances module
published in [17] with the exact ΛLTB 1 solutions encoded in the module ColLambda from
1With ΛLTB we denote the Lemaˆıtre-Tolman-Bondi (LTB) metric with the inclusion of cosmological
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Figure 1. Central value and 95% confidence intervals of the marginalized 1D posterior likelihoods
of ΩDE (left) and w (right), as a function of the temperature of the Spot, with an angular diameter
of 5◦. That is, the horizontal axis describes the mock data, the vertical axis presents the parameter
constraints on a homogeneous cosmology given the mock data.
Ref. [37]. Finally, we fit a homogeneous cosmology with only dust and Dark Energy and
no central over- or under-density to the mock SN data, probing the degeneracy between the
Cold Spot and w, the equation of state of Dark Energy.
Our main result is presented in Figure 1, which shows the 95% confidence level intervals
of ΩDE and w (the equation of state parameter) on the vertical axes, fit against mock data
described by the central temperature in a Spot with a diameter of 5◦ and co-moving radius of
600 Mpc on the horizontal axis. We find that for a Spot with ∆T ∼ O(50 µK), w is affected
at least at the ten percent level, depending on the modeling of the density perturbation, as
explained in the body of this paper.
The layout of the work is the following. In Section 2 we model the Cold Spot in terms
of the Lemaˆıtre-Tolman-Bondi (LTB) metric. In Section 3 we create mock SN data, given
different Cold and Hot Spots. In Section 4 we fit a homogeneous cosmology with Dark Energy
to the mock SN data. We conclude in Section 5.
2 Modelling the Cold Spot
2.1 The metric
We are interested in an order of magnitude estimate of the effect of a over- or under-
density with a 600 Mpc radius present in the surface of last scattering, on the temperature
anisotropies in CMB photons. We describe the Cold Spot with the Lemaˆıtre-Tolman-Bondi
(LTB) metric,
ds2 = −dt2 + S2(r, t)dr2 +R2(r, t)(dθ2 + sin2 θ dφ2), (2.1)
constant Λ. In principle Λ has been present in the LTB equations from the beginning, but with ΛLTB
we try to distinguish from theories that explain away Λ using the LTB metric with only dust and curvature.
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where
S(r, t) =
R′(r, t)√
1 + 2r2k(r)M˜2
, (2.2)
R(r, t) =r a(r, t), (2.3)
with the LTB equation,(
R˙
R
)2
=
(
a˙
a
)2
=H2(r, t) =
8πM˜2
3
[
1
a3(r, t)
+
3k(r)
4πa2(r, t)
+
Λ
8πM˜2
]
, (2.4)
valid if the only constituents of the metric are (pressureless) dust, curvature and a cosmolog-
ical constant. A prime ′ denotes a derivative with respect to radius r, an over-dot ˙ denotes a
derivative with respect to time t. In Eq. (2.4) we have chosen a gauge for the radial coordinate
in which we have ∫ r
0
drM ′(r)
√
1 + 2r2k(r)M˜2 =4πM˜2r3/3, (2.5)
such that the mass inside a radius r is given by
M(r) =4π
∫ r
0
dr S(r, t)R2(r, t)ρ(r, t), (2.6)
M ′(r) =
4πM˜2r2√
1 + 2r2k(r)M˜2
, (2.7)
ρ(r, t) =
M˜2r2
R′(r, t)R2(r, t)
. (2.8)
In this gauge the LTB equation has the form of (2.4), and the configuration is then described
by two functions: the curvature k(r) and the Big-Bang time tBB(r). We choose tBB(r) ≡ 0,
such that the LTB patch describes a purely growing mode and has no decaying mode. A
shortcoming of this gauge compared to other gauges is that it does not allow for shells of true
vacuum with non-zero thickness, where in this gauge k(r) → ∞. In the presented analysis
this is irrelevant however.
We parametrize the curvature by
k(r) =kmaxW3
( r
L
, 0
)
+ kb, (2.9)
where,
W3
( r
L
, 0
)
=


1
4pi2
[
1 + π2
(
4− 8 ( r
L
)2)− cos (4π r
L
)]
for 0 < r < L2
1
4pi2
[
−1 + 8π2 ( r
L
− 1)2 + cos (4π r
L
)]
for L2 < r < L
0 for r ≥ L,
(2.10)
is the third order of the function Wn(x, α) which interpolates from 1 to 0 in the interval
α < x < 1, while remaining Cn everywhere, as defined in Ref. [37]. Hence k(r) is C3
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everywhere, such that the metric is C2 and the Riemann curvature is C0. The constant
kb describes background in which the spherical object is embedded. Since kb is a constant,
the background is an exact Friedmann-Lemaˆıtre-Robertson-Walker solution, for all r > L.
In other words, choosing such an interpolation from a central constant to an outer constant
guarantees a mass compensation inside the LTB patch in order to have exact FLRW at r > L,
without encountering any singular shells.
Normalizing a(r > L, t0) = 1 where t0 denotes today, we have
kb ≡4π
3
Ωk(r∗)
1− Ωk(r∗)− ΩΛ(r∗) (2.11)
M˜2 ≡3H
2(r∗, t0)− Λ
8π
1
1 + 3kb4pi
, (2.12)
t0 ≡t(a(r∗, t0)), (2.13)
where r∗ is any r > L. Throughout the rest of this paper we take Ωk = kb = 0.
We use the solution to Eq. (2.4) described in Ref. [37],
t(a)− tBB(r) = 1
M˜
∫ a
0
√
a˜ da˜√
8pi
3 + 2k(r)a˜+
Λ
3M˜2
a˜3
, (2.14)
=
2√
3Λ
(−1)− 92√∏3
m=1 zm
RJ
(
1
a
− 1
z1
,
1
a
− 1
z2
,
1
a
− 1
z3
,
1
a
)
, (2.15)
where RJ(x, y, z, p) is Carlson’s Elliptic Integral of the Third Kind [38]. The parameters zi
are the three (complex) roots of 8piM˜
2
Λ +
6M˜2k(r)
Λ zi + z
3
i = 0.
2.2 The surface of last scattering
Given some δρ/ρ, where
δρ
ρ
≡ ρ(r = 0, t)− ρ(r > L, t)
ρ(r > L, t)
, (2.16)
we invert definition (2.8) using the exact numerical solution from the module published in
Ref [37], to obtain a numerical value for kmax. Then for any δρ/ρ we know ρ(~x, t) throughout
the history of the universe, given our choice for parameterization of k(r).
Placing the observer at the center of such an object, we numerically solve the radial
null-geodesic equations,
dt
dr
= −S(r, t) (2.17)
dz
dr
= (1 + z)S˙(r, t), (2.18)
to find the time of last scattering, tLSS ≡ t(z = 1089). Next, we wish to calculate the
temperature fluctuation ∆T/T induced on the CMB photons by a same object as the one
in which the observer resides. We place the object’s center on the surface of last scattering.
Hence, there are always two identical objects in the universe, one of which surrounds the
observer and one of which is centered on the observers surface of last scattering. In the
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following we will therefore sometimes refer to the temperature and angular size of the Spot
in which the observer lives, which are in reality the temperature and angular size of the spot
the observer sees on the surface of last scattering, being identical to the structure in which
he or she lives.
2.3 Bardeen potentials
Since the objects center is on the surface of last scattering (illustrated in Figure 3), and all
motion is radial, any motion in the LTB metric on the surface of last scattering is parallel
to the surface of last scattering, and orthogonal to the line of sight. This choice simplifies
the calculation of the temperature of a Spot, since there is no velocity term. To calculate
the temperature fluctuation induced by the aforementioned object, it is easiest to perform a
gauge transformation from the synchronous gauge to a gauge closer to the newtonian gauge,
in order to calculate the Bardeen potentials. We follow the (linear) methods in Refs. [39, 40].
For completeness we describe explicitly the steps from Section 4.1 in Ref. [39]. In general a
metric with only scalar perturbations can in spherical coordinates be written as
ds2 = a2(τ)
{
−(1 + 2ψ)dτ2 + 2ω′(r)drdτ +
(
1− 2φ+ 2
3
E
)
dr2 +
(
1− 2φ− 1
3
E
)
r2dΩ2
}
,
(2.19)
with E ≡ χ′′ − χ′
r
.
Comparing to the LTB metric,
ds2 = −dt2 + S2(r, t)dr2 +R2(r, t)(dθ2 + sin2 θ dφ2), (2.20)
we see that
ψ =0, (2.21)
ω′(r) =0, (2.22)
E = S
2(r, t)
a2(r > L, t)
− a
2(r, t)
a2(r > L, t)
, (2.23)
φ =
1
2
− 1
3
a2(r, t)
a2(r > L, t)
− 1
6
S2(r, t)
a2(r > L, t)
, (2.24)
dτ2 =
dt2
a2(r > L, t)
, (2.25)
where it is understood that a(r > L, t) is a pure function of t.
Using the exact semi-analytical solutions to the LTB metric, we can solve the second
order differential equations for E ≡ χ′′ − χ′
r
, E˙ ≡ χ˙′′ − χ˙′
r
and E¨ ≡ χ¨′′ − χ¨′
r
. It can easily be
shown that the boundary condition for the solution χ(r, t) is given by the fact that the only
possible solution at r > L is χ = χ′ = χ′′ = 0. Then we have all the ingredients necessary to
calculate the Bardeen potentials for our scenario (ignoring terms that are zero),
Ψ =
1
2
(
∂2τχ+ ∂τχ
∂τa(r > L, t)
a(r > L, t)
)
, (2.26)
Φ =φ+
1
6
(
χ′′ +
2χ′
r
)
+
1
2
∂τχ
∂τa(r > L, t)
a(r > L, t)
, (2.27)
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Parameter Value
Ωbh
2 0.0253
Ωdmh
2 0.1122
H0,outside 74.2
w -1
Table 1. The parameters used to describe the background cosmology, on top of which the 1.2 Gpc
sized structure is imposed. That is, these parameters describe the cosmology for r > L. As usual,
h = H0/(100 km / s / Mpc). We have ΩΛ = 1− Ωm = 0.75.
where ∂τ ≡ a(r > L, t)∂t. The reason we use both Φ and Ψ, is that they must be equal
for our scenario, and therefore they are a useful check of the calculations. Another check
we performed is that Φ and Ψ are constant in time, which they should be for linear matter
perturbations in a matter dominated universe.
2.4 The resulting Spot
We assume that the 1.2 Gpc sized object (600 Mpc radius) is an adiabatic perturbation,
which is possible since there is no decaying mode (tBB = 0 everywhere), and we assume that
the surface of last scattering goes through the center of the spherical object. In that case,
the temperature fluctuation is given by the ordinary Sachs-Wolfe effect [41, 42],
∆T
T
=
Φ
3
. (2.28)
The observed Cold Spot has roughly a diameter of 5 degrees ≃ 0.087 radians. The
temperature deviation is rougly O(50 ∼ 200) µK [23–25]. The comoving angular diameter
distance to the last scattering surface in ΛCDM is dcA = 14 Gpc per radian [31], where
dcA(z) = (1 + z)dA(z) with dA(z) the true angular diameter distance. So the diameter d of
the spherical object centered on the surface of last scattering, that gives rise to the Cold Spot
in the CMB is roughly
d ≃ 14 Gpc× 0.087 ≃ 1.2 Gpc. (2.29)
For simplicity we hence take the co-moving radius of our object to be 600 Mpc, where the
comoving radius is defined as Lc =
∫ L
0 [S(r, t0)/S(robs, t0)] dr with the observer at robs = 0.
As a background cosmology, that is for r > L, we take the parameters listed in Table 1.
Then for different density contrasts today for the structure in which the observer lives, we can
calculate the temperature fluctuation and the density contrast that an identical structure has
at a distance at z = 1089 from the observer, taking into account that the structure in which
the observer lives slightly affects the angular diameter distance to z = 1089. Hence, there
are two identical objects in the considered model universe: one centered around the observer
and one centered on the surface of last scattering. The results for some example values of
δρ/ρ(t0) are given in Table 2. Since the observer lives in the center of an identical Spot, the
observer’s ruler depends on the local scale factor in the Spot. In an under-dense region, which
expands faster than its FLRW surrouding, the observer therefore has a larger ruler. This
means that for that observer a 600 Mpc structure corresponds to a larger physical structure
on the surface of last scattering than for an observer in an over-dense region. Similarly, the
surface of last scattering is at a smaller distance for the under-dense observer. This explains
– 7 –
δρ
ρ
(t0)
δρ
ρ
(z = 1089) ∆T (µK) Spot diameter
5× 10−1 4.41 × 10−4 -127.96 4.32◦
3× 10−1 2.98 × 10−4 -95.08 4.53◦
1× 10−1 1.14 × 10−4 -40.63 4.79◦
1× 10−2 1.22 × 10−5 -4.61 4.93◦
−1× 10−2 −1.24 × 10−5 4.75 4.96◦
−1× 10−1 −1.34 × 10−4 54.67 5.13◦
−3× 10−1 −4.91 × 10−4 237.19 5.57◦
−5× 10−1 −1.07 × 10−3 645.17 6.24◦
Table 2. Density contrast as in Eq. (2.16) at the last scattering surface (second column) and induced
temperature perturbation relative to the CMB temperature (third column) for different density con-
trasts today (first column). The cosmology is described by the parameters given in Table 1 plus an
LTB patch with a radius of 600 Mpc (diameter of 1.2 Gpc), with the given density contrast today
and a central observer. Hence, the universe contains two identical LTB patches, one centered on the
observer, one on the surface of last scattering. The angular size of the Spot, defined as size ≡ 2Ldeg,
varies as a function of density contrast, because the size of the observer’s ruler changes with the
density. An observer in an underdensity has a larger ruler, such that the 600 Mpc patch corresponds
to a larger fraction of the distance to the last scattering surface. The temperature of the CMB today
is 2.726 K [43].
why in Table 2 the angular sizes of the Spots vary, while their comoving radius is fixed to
600 Mpc.
We define the angular radius of the Spot, Ldeg as
Ldeg =
600 Mpc
dcA(z = 1089)
degrees
radian
≃31.3◦ S(robs, t0)
R(z = 1089)/(1 Mpc)
, (2.30)
with the co-moving angular diameter distance
dcA(z) = (1 + z)dA(z) = (1 + z)R(r(z), t(z))/S(robs , t0), (2.31)
and robs = 0.
In Figure 2 we show the temperature as a function of the angular distance from the
center. The temperature interpolates smoothly from the central minimum up to zero on the
edge. Even though the edge has an under-density due to the compensated way of modeling
the over-density, the gravitational potential in the under-dense shell is, relative to the ho-
mogeneous surrounding medium, still lower than the surrounding zero potential. Hence, the
under-dense ring does not produce a hot ring around the Cold Spot. The reason is that we
only ‘see’ the potential. The under-dense shell is closer to the center of the potential com-
pared to its surroundings. Hence not surprisingly, it resides at a lower value of the potential.
Whether this absence of a ring is physical or not, should be subject to further investiga-
tion. Anyway, for exactly compensated over-densities (with an always negative gravitational
potential), the ordinary Sachs-Wolfe effect predicts no hot ring, although a non-linear in-
tegrated Sachs-Wolfe effect may. The converse also holds, the ordinary Sachs-Wolfe effect
predicts no cold ring around a Hot Spot. If such rings are observed, that could be a hint
that the origin of such Spots is the late time integrated Sachs-Wolfe effect, or that they are
non-linear perturbations [22, 44, 45].
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Figure 2. Left: Temperature fluctuation as a function of angular distance from the center of the
object, in this case a 5◦ circular coldSpot which today would be a spherical over-density of δρ/ρ = 0.4
with a radius of 600 Mpc. Right: The over-density profile of the same over-density as in the left figure,
at the time of decoupling.
In the large local void scenario, the observer is confined to live close to the center of the
void, because the radial velocity of matter scales with the distance from the center, and only
close to the center the dipole is in agreement with the dipole of 3.355 mK as observed by
WMAP. In the case considered here, with the observer living in an object which can cause
the Cold Spot such as the example case of Figures 2 and 3, the maximum dipole caused by
radial motion due to living off-center is 12 mK, a peak which lies around r ≃ L/2. Such a
structure hence is hardly constrained by the WMAP dipole observation.
2.5 Shortcomings
There are two important assumptions, that can be considered shortcomings in our modeling
of Spots.
• We make the crude approximation that the perturbation is embedded in a fully matter
dominated universe, all the way back to the photon decoupling. Taking into account
the presence of photons, the gravitational potential should still decay slightly at photon
decoupling. Ignoring this decay leads to an overestimation of the density perturbation.
• We assume that the intersection of the last scattering surface and the spherical object
goes through the center of the object. That is, the line of sight to the center of the
object, hits the last scattering surface at r = 0 in the object. In Figure 3 we illustrate
the possibility that the object intersects the last scattering surface at another radius.
In that case, the matter in the object on the surface of last scattering, will have a
non-zero effective velocity with respect to the CMB rest frame, parallel to the line of
sight, as explained in the caption of Figure 3. In the case of an over-density, which gives
a Cold Spot, the matter is falling in, such that it gets an additional Doppler redshift
or blueshift, which is ignored since we only account for the ordinary Sachs-Wolfe effect
by considering the Bardeen potentials in stead of the explicit geodesic integration. In
Figure 3 one can see that the Doppler term can dominate over the ordinary Sachs-Wolfe
effect, and hence that what is a Cold Spot in this paper can even be observed as a Hot
Spot when it intersects the surface of last scattering at a different radius. We leave
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Figure 3. Left: The central temperature of the Cold Spot as a function of the radius r||,emission, chosen
parallel to the line of sight, at which the surface of last scattering intersects the sphere. In solid red
we show the temperature fluctuation as calculated by explicit solving of the geodesic equations, which
takes into account both the Bardeen potential (ordinary Sachs Wolfe effect, dashed green curve)
and the velocity along the line of sight (the dashed-dotted blue curve, which is obtained by taking
the difference between the solid red and dashed green curves). The velocity is automatically taken
into account since the coordinates are comoving with the matter, and we assume emission from a
fixed coordinate. The Bardeen-potential curve is identical to the curve shown in Fig 2, the difference
being that in that figure the Bardeen potential is the only contribution to the temperature fluctuation,
since the surface of last scattering there intersects the sphere at r||,emission = 0. The fact that in this
figure the difference curve (blue dashed dotted) is anti-symmetric in r||,emission = 0, provides a good
cross-check between the different calculations of the temperature of the Spot. Right: A schematic
presentation of three different radii at which the last scattering surface (the three upright planes)
intersect the spherical object. The cone on the right of the illustration represents the observer.
such complications of the model to future work though. Note that the velocity is a
monotonic function of radius since the curvature is a monotonic function of radius, and
hence that an intersection at different radii will not induce hot or cold rings through
the Doppler shift.
Both effects should be more carefully considered in order to give more definite estimates of
the relation between the temperature of a Spot and the density inside it.
3 Mock Supernovae
In spherical coordinates and for a central observer, the angular diameter distance dA ≡ ds/dθ
with s the physical diameter of the object and θ the angle under which the object is oberved,
is given by the metric, dA(r, t) = R(r, t). To obtain the angular diameter distance to a point
on the past light cone, dA(z) with z the redshift
2, one needs the pair {r, t} corresponding
to a certain redshift. Note that the fact that we need the pair {r, t}, and not only t, is
the reason why large local voids are considered to replace Λ in the first place. Hence,
one solves the geodesic equations (2.17,2.18) backwards in time, starting from the observer
back to some redshift z. With the observer at z = 0, the co-moving angular diameter
2In non-spherical cosmologies there is a direction dependence, such that one could write dA(~n, z).
– 10 –
 34
 36
 38
 40
 42
 44
 46
 0  0.5  1  1.5  2  2.5
µ
z
Mock SN data
177.0 µK
ΛCDM
-152.6 µK
 44.7
 45
 45.3
 1.3  1.4  1.5
Figure 4. Distance modulus µ versus redshift z for three different mock datasets: for an observer
in a Hot Spot of 177.002 µK (blue line, top), an observer in true ΛCDM (red line, middle) and
an observer in a Cold Spot of -152.610 µK (green line, bottom). All moduli are normalized to an
arbitrary expansion rate, and such that the three lines coincide for the lowest redshift supernova (the
far left of the figure). The inset shows the same lines, zooming in on the high redshift range, to make
more visible the effect of the different structures on the high redshift distance moduli. Error bars of
individual supernovae are not shown, for clarity.
distance becomes dcA(z) ≡ (z + 1)dA(z), relating the angular size of an object to its size
in the orthonormal coordinates of the observer, if it had expanded along with a fictitious
homogeneous background expansion characterized by the redshift z.
We show the resulting distance moduli, µ ≡ 5 log10
[
(1 + z)2H0dA(z)
]
+25, for different
Spots in Figure 4. We generate mock data in the same way as done for example in Ref. [46],
by taking existing supernovae with their error bars, and replacing their distance moduli with
the theoretical distance moduli for a given cosmology with the observer in a given Spot.
For completeness, we generate sets using the SDSS Supernovae [47] processed with both the
MLSCS2k2 and SALT-II lightcurve fitters, and the Union2 data set [48] which is processed
with the SALT-II lightcurve fitter as well.
4 Results
Using the mock data described in the previous section, we fit a wCDM cosmology with an
equation of state for Dark Energy allowed to differ from w = −1. The Dark Energy is then
parameterized by
ρDE(t) =H
2
0ΩDE
(
a0
a(t)
)3(1+w)
. (4.1)
To perform the fits, we use cosmomc [49] for the Monte-Carlo sampling and camb [50] for
the distance calculations in the FLRW cosmology. We allow the following parameters to vary,
with their prior limits:
0 < Ωmh
2 < 1,
20 < H0 < 100,
−2 < w < 0, (4.2)
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Temperature of Spot (µK) ΩDE w
-127.966 0.800.13
−0.20 −0.740.21−0.35
-95.087 0.780.15
−0.19 −0.830.25−0.41
-40.633 0.760.17
−0.18 −0.980.33−0.50
-4.611 0.740.18
−0.16 −1.080.39−0.53
0.000 0.740.18
−0.16 −1.090.39−0.53
4.749 0.730.19
−0.15 −1.110.41−0.54
54.666 0.720.18
−0.14 −1.230.46−0.77
237.189 0.690.13
−0.09 −1.560.49−0.44
645.131 0.700.07
−0.06 −1.800.32−0.20
Table 3. Marginalized posterior likelihoods of ΩDE and w for an observer living in Hot and Cold
Spots of different temperatures, all with a diameter of 5◦. The Spot of 0 µK corresponds to exact
ΛCDM. The error bars are at 95% confidence level.
where ΩDE = 1− Ωm, and h = H0/100 km s−1 Mpc−1.
In Figure 5 we show the marginalized 1-dimensional posterior probability distributions
of ΩDE and w when fitting mock datasets based on the real datasets as described in Section 3,
while simulating universes with an observer living in the Spots listed in Table 2. By eye there
is no difference between the three datasets, and in all cases there is a clear dependence of both
ΩDE and w on the depth of the Spot. A Hot Spot, which in the confined parameterisation
of this paper is an under-density, tends to drive both ΩDE and w down, and a Cold Spot has
the opposite behaviour.
The effect on ΩDE may be surprising, since an under-density mimics ΩDE, such that
one could expect that these mock supernovae ask for a larger value of ΩDE. However, the
radius of 600 Mpc extends to a redshift of roughly z ∼ 0.14. This means that only very
nearby a higher value of ΩDE is needed, which pushes w down, while at the same time
at higher redshifts the shape of the luminosity-distance-redshift relation is unchanged with
respect to the ΛCDM curve. Since ΩDE can be thought of roughly as the first derivative of
the luminosity-distance-redshift curve, and w as the second derivative, the two can slightly
compensate each other, depending on the size of error bars. A more negative w is hence
compensated by a smaller value of ΩDE, in order to stay in agreement with the high redshift
supernovae. For a Cold Spot (over-density), the converse holds.
In Table 3 we show the numerical values of the marginalized one-dimensional posterior
probabilities for the mock data based on the Union2 dataset, and we display the same results
graphically in Figure 1, emphasizing the relation between perceived ΩDE and w from the
data on one hand, and ∆T/T that describes the object with which we created the mock data
on the other hand. Considering this figure one can conclude that a Hot or Cold Spot with
temperature deviation T ∼ O(50 µK) affects w at least at the ten percent level, baring in
mind that the density perturbation in the Spot is over-estimated by the assumption of full
matter domination at photon decoupling.
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Figure 5. Marginalized 1D posterior parameter likelihoods for ΩDE and w when fit to mock data
based on the SDSS SN data with the SALT-II light curve fitter (left) and the MLCS2k2 light curve
fitter (second from left), fit to mock data based on the Union2 sample with systematic errors (second
form right) and without systematic errors (right). In each figure, the central thick black line corre-
sponds to a pure ΛCDM cosmology mock data set. For both w and DE, the likelihood that peaks
at the left most value corresponds to the fit to a mock dataset based on an observer living in a Hot
Spot of 177.69 µK (red dashed line) and the likelihood that peaks at the right most value corresponds
to the fit to a mock dataset based on an observer living in a Cold Spot of -152.63 µK (green solid
line). All the other lines correspond to all the Spots listed in Table 2, where hence going from top to
bottom in that table correspond to the peaks in this figure going from right to left.
5 Conclusion
We have for the first time made a link between the observation of large and ‘homogeneous’
Cold Spots on the CMB and the apparent magnitude of the equation of state of Dark Energy,
w, by placing the observer in a Spot identical to the one he or she observes on the CMB.
We have modeled exact density perturbations on the surface of last scattering, using
the LTB metric with a cosmological constant, such that we can describe the perturbation
at the epoch of last scattering and today. Placing us as the observer in the center of such
a perturbation, with co-moving radius of 600 Mpc and putting an identical perturbation on
the surface of last scattering, producing a Spot of 5◦, we find that w can be changed by up
to ten percent for ∆T ∼ O(50 µK), depending on the central temperature of the Spot. This
result is best illustrated in Figure 1.
We used the exact solutions to the ΛLTB framework in the module ColLambda [37]
combined with the VoidDistances module as published in [17].
The main assumptions that deserve further investigation for improvement of this analy-
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sis are: (1) the crude approximation that radiation plays no role in the background equations
at the epoch of decoupling, (2) the assumption that the last scattering surface goes through
the center of the spherical object that causes the Spot, and (3) the simplification that the
observer lives at r = 0. We expect that improvements in points (1) and (2) will adjust the size
of the effect we found here by a small margin, although point (2) may change the direction
of the effect entirely, as explained in Section 2.5. Placing the observer off-center most likely
will drive the observed values of w and ΩΛ closer to their fundamental values, but in that
case the object in which the observer lives will still induce a spread in observed distances like
in the Swiss-Cheese scenario [22, 51], hence causing larger error bars on w and ΩΛ
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